SEAC % is used to give an approximate solution to the torsion problem for a hollow square, with accurate determination of lower and upper bounds for torsional rigidity.
1. The torsion problem for a multiply connected cross section. To solve the torsion problem for a beam of multiply connected cross section, we seek a function \f/{x, y) which is harmonic in the domain A occupied by the material, and such that 4> = §r2 on the outer boundary B0, (1.1) = %r2 + C\ on the inner boundaries Bx, the constants Cx being chosen so that for each inner boundary we have here n is the rigidity and a the twist per unit length. The lines of stress are given by the equation^ -|r2 = const., (1.4) this family of curves including, of course, the curves B0 , . The warping of the section is given by <f>(x, y), which is the harmonic function conjugate to \p.
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(1.6) 2. The torsion of a hollow square. The method used below for solving approximately the torsion problem for a hollow square cross section is essentially the hypercircle method, originally developed by Prager and Synge1 for more general problems in elasticity.
Details of the method will be found in a forthcoming book,2 together with numerical results obtained by a desk calculator. The present paper is concerned with the application of SEAC to these calculations, and only essential formulas will be given to make the computations intelligible.
The method is applicable in principle to any cross section, and is particularly suited to a cross section which is a hollow rectangle or a hollow square. The only case treated here in detail is the case of a hollow square bounded externally by a square B0 of side s and internally by a square Bx of side |s, as shown in Fig. 1 .
The square is triangulated as shown, a good approximation demanding a fine triangulation. We speak of approximation of order n when the outer side is divided into n equal parts. On account of symmetry, only an octant is needed in the calculations; Each junction in the triangulation is a "station." There are two types of station, type P at the centers of the small squares and type Q at the corners of these small squares.
»W. Prager and J. L. Synge, Quart. Appl. Math. 5 (1947) , 241-269. 2J . L. Synge, The hypercircle in mathematical physics, Cambridge University Press.
To each station we attach a "weight" w. These weights uniquely determine a function / (x, y) in the domain A of the cross section, by the rule that / (x, y) -w at each station and f (x, y) is a linear function of x and y in each triangle.
The general plan of approximation is to find two sets of weights, say w' and w", such that if f'(x, y) and f"(x, y) are the corresponding functions, defined as above, then the following approximations hold:
This plan is slightly modified to permit dimensionless calculations, "reduced weights" b', b" being introduced.
3. Approximation for lines of stress, and lower bound for torsional rigidity. To approximate - §r2 we have to solve the following difference equations:
= "a? S [6'(P) + b'(Q)1 + S ' b'(Q) = 0 for Q on B0 or JSi .
Here b'(P), b'(Q) are reduced weights at stations P, Q. The interpretation of the first line of (3.1) is as follows: The E is a sum over the four stations Q which are neighbors of P. d(P) = 1 if P is on MN, and otherwise d(P) = 0. b'(R) is an additional reduced weight, introduced to allow for multiple-connectivity. The interpretation of the second line of (3.1) is similar. Note that if Q is on B0 or B, it lacks some of its four neighbors; in that case fictitious neighbors are supplied with zero weights. In the third line of (3.1) un is summation along the diagonal MN of Fig The approximation to ^ -^r2 is given by
where F'(x, y) is a function which is linear in each triangle and takes, at the stations P, Q, the values 6'(P), b'(Q), while G(x, y) is a function which is linear in each of the four triangles in which the outer square is divided by its diagonals, with G = 1 at the center of the squares, and G = 0 on B0 . If we denote the torque by fiaT, then a lower bound for torsional rigidity is given by Here x is the abscissa of Q, the origin of coordinates being at the center of the squares.
In this case the weights are skew-symmetric; therefore 5. Plan for SEAC calculations. For the approximation of order n, the stations were numbered as indicated in Fig. 2 .1 Then, using the letters P, Q, R for the reduced ' The procedure may be applied with little additional complication, to the case where the ratio of the sides s, s' of the outer and inner squares is not 2:1. If it is possible to triangulate with n squares along s and n' squares along s', then we make the following notational changes in The iteration scheme for the upper bound is similar to that of the lower bound. 6. Numerical results. The equations (3.1), or equivalently (5.1)-(5.7), were solved as indicated in §5, in the approximations n -8, n =16, n = 32, n = 48. This last was the highest approximation feasible on SEAC, without resorting to tape storage.
The solutions for n -48 rounded off to a maximum of three significant figures, are exhibited in Table I . To within a constant factor, these numbers are the values of the function F'(x, y) [cf. (3. 2)] at the stations. Addition of the last term in (3.2) to the numbers in Table I yields the numbers in Table II , which therefore represent, to within a constant factor, the stress function -%r2). A plot of fines of stress could easily be prepared from Table II .
Similarly, the equations (4.1), or equivalently (5.9)-(5.16), were solved for the same approximations. The solutions for n = 48, rounded off to a maximum of three 92 92 Table III . These numbers represent, to within a constant factor, the values of the warping function <t>, and from these numbers a plot of level lines of warping could easily be prepared. The bounds on torsional rigidity, and the number of iterations required to give solutions to nine significant figures (starting from zero values) in the several approximations, are shown in Table IV . In the approximation n, the number of simultaneous equations to be solved is 3n2/16 in the case of the lower bound, and one less in the case of the upper bound. Thus, for n = 48, there were 432 and 431 equations respectively.
